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The dependence of the thermal  creep in a flat channel on the coefficient of accommodation 
of tangential momentumwith  an a rb i t r a ry  mode of gas flow is studied. The problem is 
solved on the basis of a l inearized kinetic equation using the BGK ( B h a t a a g e r - G r o s s - K r o o k )  
model  for the molecular  collision operator .  The Maxwell specular-di f fuse  sys tem is taken 
as the boundary conditions. 

As is known, the macroscopic  movement  of gas along an unevenly heated wall is called thermal creep 
[1]. I t ' s  value is determined by the Knudsen number  (Ka), the geometry  of the channel, and the nature of the 
interaction of the gas molecules with the surface over  which the flow occurs .  

Many repor ts  devoted to the theoret ical  study of this effect in a wide range of Knudsen numbers  have 
been published in recent  t imes.  As a rule,  the problem has been solved on the basis of the l inearized Boltz- 
mann equation or  s tat is t ical  models of it. The most  varied methods of solving the kinetic equation's have 
been used for  this:  the moment method [2, 3], the method of i terations of the moment  solutions [4, 5], the 
Monte Carlo method [6], and finally, integral methods [7-12]. In all these repor ts ,  however, completely 
diffuse scat ter ing of the gas molecules  by the channel walls was taken as the boundary conditions. 

Recently the authors of the present  repor t  attempted to descr ibe  the effect of the thermomolecula r  
p ressu re  difference during the a r b i t r a r y  accommodat ion of the tangential momentum of molecules  incident 
on a wall [13]. In doing this it was assumed that the thermal  c reep  is independent of the nature of the inter-  
action of the gas molecules  with the surface of the channel. Such an assumption is fully confirmed by theory 
[14] if one uses the boundary conditions proposed in [15]. As has been indicated ea r l i e r  [16, 17], however,  
this approach does not take into account  the dependence of the disturbance in the Maxwellian distribution 
function on the velocity of the molecules  reflected by the wall. 

In the present  repor t  we use s t r i c t e r  boundary conditions, proposed again by Maxwell, according to 
which a portion e of the molecules incident on the wall are  scat tered diffusely from it while a portion ( l -e )  
are reflected specular ly.  The pa rame te r  e has also received the name of the coefficient of accommodation 
of tangential momentum. Of course ,  the Maxwellian boundary conditions are  semiempir ica l  in the sense 
that the pa ramete r  e cannot be calculated theoret ical ly.  Nevertheless,  its introduction into the theory 
proves ve ry  useful, f i rs t ly,  because it helps to at least  qualitatively est imate the effect of the wall on the 
phenomenon studied, and secondly,  because it allows one from a compar ison of theoret ical  and exper imen-  
tal data to extract  such an important  charac te r i s t i c  of the g a s - s o l i d  interaction as the coefficient of ac-  
commodation of tangential momentum. 

A procedure  which the authors used ea r l i e r  [18] in a study of plane Poiseuille flow is applied in the 
present  work. 

Let us consider  agas  between infinite paral le l  plates located atX =• d/2 (d is the distance between the 
plates) whose state is disturbed by a longitudinal tempera ture  gradient.  Macroscopic movement  of the gas 
occurs  in this case ,  charac te r ized  by a velocity U t and called thermal  creep.  
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The dis turbance  of the gas  is a s sumed  to be smal l  enough that its s tate can be desc r ibed  by a d i s -  
t r ibution function which di f fers  insignificantly f rom a Maxwellian distr ibution:  

f (~, x, z) = I0(v, z) [i + h~, x ) l ,  

[m ]3j2[oxp ,1, 
fo (v, z) = n (z) 2uk-T (z) . 2kT (z) 

where n and T a re  the numer ica l  densi ty  and the t e m p e r a t u r e  of the gas ,  respec t ive ly ;  m is the m a s s  of a 
molecule;  k is Bol tzmann ' s  constant;  ~" is the p rope r  ve loc i ty  of a molecule  and z is the longitudinal coord i -  
nate,  which coincides with the axis of s y m m e t r y  of the f lat  channel.  In this case  with allowance for  (1) the 
fundamental kinetic equation is l inear ized and for  the BGK ( B h a t n a g e r - G r o s s - K r o o D  model of the in t e r -  
mo lecu la r  col l is ion ope ra t o r  [19] is wri t ten in the following form:  

Oh + �9 

Here  we introduce the d imens ion less  values  
m / 1/2 m ~1/2 

d dT 6 V-~ d V-~ Kn-1, 
~- -  T dz ' -- 2 ~, - - ~  

where T O is the average  t e m p e r a t u r e  of the sys t em;  k is the mean f ree  path of the molecu les ,  calculated 
f rom the v i scos i ty  coefficient  for solid spher ica l  molecules  at the t e m p e r a t u r e  T o . 

Fu r the r ,  one must  allow for  the discontinuous nature  of the dis t r ibut ion function nea r  the channel 
walls  at c x = 0, i .e. ,  

for c x < 0. 

Then the Maxwellian boundary conditions for  the dis t r ibut ion function take the f rom 

) ( '  [+- T - - ~ ,  z, c~, c u, c z = 4 o +  (1--e) . f~:  ~- -~ - ,  z, --cx, %, Cz). 

(2) 

(3) 

(4) 

The boundary conditions for  the d i s turbance  function follow f rom this with al lowance for  the l inear iza t ion 
of (1): 

( l )  ( ,  ) h +- ::F--~-, cx, cz = ( l - - ~ ) h T  -T---~-, --c:,, c z . (5) 

In addition, the s y m m e t r y  of the p rob lem requ i res  that 

h-+(mx, 5=hT(  +_ x, 5. (6) 

Equation (2) can be fo rm a l l y  integrated if one t e m p o r a r i l y  cons iders  u t to be a known function of the 
coordinates:  

8 " 1 - - ( [ 2 8 u t ( s  , -  5)]exp(_~_~_x s t d s } "  ,7, 

-~ 1/2 

The integrat ion constants  h 1• 1/2, c) in Eqs .  (7) mus t  be de te rmined  f r o m  the boundary conditions (5) and the 
conditions (6) of s y m m e t r y  of the problem.  As a r e su l t  it is e a sy  to obtain the following values  of the sought 
constants :  

L1/2 

h- ~ ~ - ,  1 - - ( 1  - -  
C x 

- :FU2 

(w)* (c~ 5 ) } e x p  fi s (s) 
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T A B L E  1. V a l u e s  of  T h e r m a l  C r e e p  Qt fo r  D i f f e r e n t  Va lues  of the 

P a r a m e t e r s  6 and e 

1 0,98 0,96 0,9,t 0,92 0,90 

0,01 
0,03 
0,05 
0,07 
0,09 
0,1 
0,3 
0,5 
0,7 
0,9 
1 
2 
3 
4 
5 
0 
7 
8 
9 

10 

1,2358 
0,9635 
0,8452 
0,7707 
0,7170 
0,6949 
0,4842 
0,3985 
0,3463 
0,3096 
0,2948 
0,206O 
0,1615 
0,1334 
0,1138 
0,0993 
0,0880 
0,0790 
0,0716 
0,0655 

1,2710 
0,9884 
0,8656 
0,7884 
0,7327 
0,7099 
0,4920 
0,4036 
0,3500 
0,3124 
0,2972 
0,2067 
0,1615 
0,1333 
0,1136 
0,0990 
0,0877 
0.0787 
0,0713 
0,0652 

1,3074 
1,0140 
0,8866 
0.8066 
0,7489 
0.7253 
0,5000 
0,4089 
0,3537 
0,3151 
/I,2996 
(1,2073 
0,1616 
0,1331 
0,1133 
0,0987 
0,0874 
0,0784 
0,0710 
0,0649 

1,3450 
1,0404 
0,9083 
0,8254 
0,7656 
0,7412 
0,5081 
0,4t42 
0,3576 
0,3180 
0,3021 
0,2080 
0,1617 
0,1330 
0,1131 
0,0984 
0,0871 
0,0781 
0,0707 
0,0646 

1,3840 
1,0676 
0.9306 
0,8447 
0,7828 
0,7574 
0,5165 
0,4197 
0,3615 
0,3209 
0,3046 
0~2086 
0,1618 
0,1328 
0,1128 
0,0981 
0,0867 
0,0777 
0,0704 
0,0643 

1,4242 
1,0958 
0,9537 
0,8645 
0,8004 
0,7742 
0,5250 
0,4253 
0,3654 
0,3238 
0,3071 
0,2093 
0,1619 
0,1327 
0,1126 
0,0978 
0,0864 
0,0774 
0,0701 
0,0640 

By de f in i t i on  the  m a c r o s c o p i c  v e l o c i t y  of the  g a s  is  g iven  by the  fo l lowing  e x p r e s s i o n :  

u t --  ~ c J  = (~ x, z) dv = ~-3/2 c~exp(--c )h+ dc ~- c~ exp ( - -  c ~) h - ~  (9) 
n 

cx<-9 cx>O cx<O 

Since  the func t ions  h:~(x,-~) a r e  fu l ly  d e t e r m i n e d  by Eqs .  (7) and (8) t h e r e  i s  no g r e a t  d i f f i c u l t y  in o b -  
t a in ing  f r o m  (9) the  i n t e g r a l  t r a n s f e r  equa t ion  fo r  the t h e r m a l  c r e e p  v e l o c i t y :  

+1/2 ~  ~ t ( x ) = t P ( x ) +  V--~ K(x, s)~t(s)ds, (lO) 
--I/2 

whe re  

~ t =  
1 26 + 
2 x 

+W2 

ut, op(x)= 2 g -~  { l l ( 6 1 x _ s l ) + ( l _ e ) [ T l ( 6  , x - - s + l ) + T l ( 6 ,  s - - x + l ) l } d s ,  

--1t2 

K (x, s) = l l ( 6 1 x - - s [ ) +  (1- -e ) [T_I(6 ,  s - - x +  I) +T_1(6,  x - - s +  1)], 

0 

y~ exp l - -  l/2 _ - Y  v 
T~ (u,: v) = u dy. 

1 - -  ( 1 - - 0 e x p  ( - y )  
0 

(11) 

It i s  e a s y  to s e e  tha t  in the p a r t i c u l a r  c a s e  of fu l ly  d i f fuse  s c a t t e r i n g  of the m o l e c u l e s  by the channe l  
w a l l s  (e = 1) Eq.  (10) c o i n c i d e s  wi th  tha t  p r e s e n t e d  in [9]. 

The B u b n o v - G a l e r k i n  me thod  [20] is used  in the p r e s e n t  w o r k  for  the so lu t ion  of Eq.  (10). 

F o l l o w i n g  the  b a s i c  idea  of t h i s  m e t h o d ,  one m u s t  c h o o s e  a s y s t e m  of ba se  func t ions .  F r o m  p h y s i c a l  
c o n s i d e r a t i o n s  i t  i s  c o n v e n i e n t  to c h o o s e  even  func t ions  of  the  type  {x 2k} with  k = 0, 1, 2, . . . .  The r a p i d  
c o n v e r g e n c e  of the me thod  used  f o r  the c h o s e n  b a s e  a l l o w s  one to be conf ined  to only  two t e r m s  in the e x -  
p a n s i o n  of  the  unknown func t ion  ~t:  

W t  ~ ao + a l  x2 -1- �9 �9 �9 (12) 
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As ca l cu la t ions  show,  tak ing  into account  the th i rd  t e r m  in the expans ion  ~t(x) c o r r e c t s  the  r e s u l t  ob-  
ta ined by l e s s  than 1%. 

Then  one m u s t  subs t i tu te  (12) into the o r i g ina l  Eq.  (10) and d e m a n d  the  o r thogona l i t y  of the  equa t ion  
obta ined  to the base  func t ions  [1, x2]. In th i s  ca se  the s c a l a r  p roduc t  of any  two funct ions  F(x) and G(x) in 
the I-Iilbert s p a c e  L2( -1 /2 ,  + 1/2} is  d e t e r m i n e d  as  

-I-112 

(F, G ) =  f O(x)Y(x)dx. (13) 
] 

--1/2 

Thus ,  we obtain the fol lowing s y s t e m  of a l g e b r a i c  equa t ions  for  the d e t e r m i n a t i o n  of the  coe f f i c i en t s  
a 0 and a 1 of  the expans ion  (12): 

~/0alX -t- alal~ = ~1, aoa21 "-t- axa,.~ =: [t~, (14) 

whe re  

6 (l, K 1), a,,. (l, x 2) 6 (l Ks~), ~,, = (1, 1 ) -  - ~ -  = ~ ' =  - 1!--~ ' 

6 
(x ~, ~s~) ,  ~ = (1, ~), ~. = (x ~ ,~). (15) ~"~ = (x~' x~) 1 / ~  

H e r e  K~  is an in tegra l  o p e r a t o r  c o r r e s p o n d i n g  to the ke rne l  K(x, s) of (11) and ac t ing  on the a r b i t r a r y  
funct ion ~. 

Since the function ~'t(x) is d e t e r m i n e d  by Eqs .  (12), (14), and (15), one can wr i t e  an e x p r e s s i o n  f o r  the 
d i m e n s i o n l e s s  gas  flux c h a r a c t e r i z i n g  the t h e r m a l  c r e e p  in a f la t  channel :  

+112 +t/2 

Qt = -~-2 U t dx -- ~ 1  - -  ~ t  (x) dx = 61 21 [~le6~ - -  lll~ZlO.all~tt+ (~-.~li_ cz~2-- [Ixczx~.)/1 2 . ( 1 6) 

-1 /2  -1/~ 

In the l imi t ing  c a s e s  of an a l m o s t  f r e e - m o l e c u l a r  m o d e  of f low (6 --+ 0) and of a v i s c o u s  mode  of f low 
with s l ippage  (5 ~ ~o) the g e n e r a l  equat ion (16) i s  t r a n s f o r m e d  into the fol lowing s i m p l e  equat ions:  

Qt (8 =- 0, e) 2 - - e  In6 (17) 
e 21/~ ' 

Qt ( 8 ~  <~, ~) = , ~,h~,~ k t = ~ + 7 -  " ( lS )  

The coef f i c ien t  A t is ca l led  the t h e r m a l  c r e e p  cons tan t .  The  dependence  of th i s  cons tan t  on the c o e f -  
f ic ient  of a c c o m m o d a t i o n  of t angen t ia l  m o m e n t u m  was  s tudied in [14] on the ba s i s  of  the BGK mode l .  As 
a r e s u l t  an  e x a c t  e x p r e s s i o n  of  the type A t = 1/2 + 0.2662 e, which a g r e e s  wel l  with Eq.  (18), was  ob ta ined  
by the method of " e l e m e n t a r y  so lu t ions . "  

The r e s u l t s  of the ca lcu la t ion  of Qt by Eq. (16) f o r  i n t e r m e d i a t e  v a l u e s  of the p a r a m e t e r  6 of r a r e f a c -  
tion of the g a s  and fo r  c e r t a i n  v a l u e s  of the coe f f i c i en t  of a c c o m m o d a t i o n  of t angent ia l  m o m e n t u m  e a r e  
p r e s e n t e d  in Table  1 (the ca l cu l a t i ons  w e r e  p e r f o r m e d  on a BESM-4M c o m p u t e r ) .  

As s een  f r o m  the t ab le ,  when 6 ,~3.5 the t h e r m a l  c r e e p  does  not  depend  at  all on the n a t u r e  of  the in-  
t e r a c t i o n  of the m o l e c u l e s  with the channe l  wal l .  At the s a m e  t ime ,  with an i n c r e a s e  in the por t ion  of the 
m o l e c u l e s  s p e c u l a r l y  r e f l ec t ed  f r o m  the wal l  it i n c r e a s e s  when 5 < 3.5 and d e c r e a s e s  when 5 > 3.5. 

Such a dependence  of the t h e r m a l  c r e e p  on the coe f f i c i en t  of  a c c o m m o d a t i o n  of  t angen t i a l  m o m e n t u m  
e m u s t  be taken  into account  in a s tudy of the e f fec t  of the t h e r m o m o l e c u l a r  p r e s s u r e  d i f f e r e n c e  and t h e r -  
m o p h o r e s  is.  

U t is  tire v e l o c i t y  of t h e r m a l  c r e e p ;  
T is the gas  t e m p e r a t u r e ;  

N O T A T I O N  
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m 

T = (d/T) dT/dz 
5 = &/(2Kn) 

Qt 
At 

[s the m a s s  of a molecule;  
is the p rope r  veloci ty  of a molecule;  
ts the d imens ion less  t e m p e r a t u r e  gradient ;  
~s the p a r a m e t e r  of gas  ra refac t ion;  
~s the coefficient  of accommodat ion  of tangential  momentum;  
is the d imens ion less  flux of t he rma l  c reep  averaged  over  channel c ros s  section; 
~s the t he rm a l  c reep  constant .  
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